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Transient Solution of an M/M/1 Queue with Balking, Feedback,
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ABSTRACT
This paper presents a transient solution which is obtained analytically
through processing the probability-generating function regarding the system size
in an M/M/1 queue with feedback, balking, possibility of catastrophes at services
failures and repairs.
Keywords: Transient analysis, feedback, balking, queueing theory, catastrophe,
repair, probability generating function.
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1. Introduction
In recent times, there has been a great and widespread development in
communications systems, especially large-scale communications networks, which
now contain repeaters in transportation systems, in which messages are sent
through specific servers in the form of data packets at a specific time. However,
sometimes the receiving device refuses to receive these messages due to a
transmission error from the source, and then the transmitting device retransmits it
again using repeaters in the transmission systems, so those messages take the form
of a queue linked to time. This matter requires searching for simplified
mathematical methods for the temporary solution of this type of queue models that
are subject to the influence of abstention and feedback, catastrophes and repair.
In the year 2000, both Kumar and Arivudainambi used the probability
generating function to derive a solution to the queue M/M/1 with the catastrophes,
so they obtain the probability of the presence of n customers in the system and
obtain performance measures. They also derived from their solution a solution to
the model in case stability [6]. In 2009, Thangaraj and Vanitha transient solution
for M/M/1 with the feedback and catastrophes using the continuous function
method [8]. Also in the year 2012, Chandrasekaran and Saravanarajan solved the
queue M/M/1 with feedback, catastrophe, and repair using Laplace transforms.
They obtained the probability of having n customers in the system and the
performance measures [2]. In 2016, Shanmugasundaram and Chitra solved the
queue M/M/C with the feedback and catastrophes using the probability generating
function to facilitate access to the true roots and thus obtained the probability that
there are n customers in the system [7]. In 2017, Kotb and Akhdar arrived at the
queue solution M/M/1 under the influence of feedback, catastrophe, and repair,
using Rauch's method of complex analysis [4]. Finally, in the year 2020, Akhdar
disbanded the M/M/2 queue that was under the influence of feedback, disasters,
and reform, while preserving the customers when they escaped, using Rauch’s
method of complex analysis [1].
In this paper, the researcher will work to derive the solution for the M/M/1
queue that is under the influence of abstinence, feedback, catastrophes, and repair,
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using the method of the probability generating function and real roots to arrive at

the probability that there is no customer in the system, and the probability that there

are n customers in the system. As well, Extract some special cases and link them to
previous studies.

2. Basic Notations and Assumptions

To construct the system of this paper, we define the following parameters:

Probability generating function. P(s,t) =

Laplace transform of P(s,t). P (s, z) =

Transient state probability that there are exactly n customers in the p,(t)=

system.

Laplace transform of p,(t). p’; (2)=

Probability that no customers are in the service department at time t. pg(t) =

Laplace transform of pg(t) pg(z) =
Probability that the server is under repair at time t. Q(t) =

Laplace transform of Q(t). Q* (2)=

Mean arrival rate. 1 =

Mean service rate per service representative. y =

= Probability that a customer joins the queue. S

Probability that a customer joins the departure process. q =
Probability that a customer joins the end of the original queue.1—q =

Catastrophe rate. v =
Repair rate. 7 =
n = Number of customers in the system.

The assumptions of this model are listed as follows:
(1) Customers arrive at the server one by one according to Poisson process with
rate A, .
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Assume (1— /3) be the probability that a unit balks (does not enter the
queue),

A, n=0,=1

pA; n=10<p<1

Service times of the customers are independent and identically distributed (iid)
exponential random variables with rate z, . The customers are served

where: A, :{

according to FCFS discipline.
After completion of each service the customer either joins at the end of the

original queue as a feedback customer with probability (1—q) or departure the
system with probability g .

The catastrophe occurs at the service department according to Poisson process
with rate v when the system is not empty or empty. The occurrence of a
catastrophe destroys all the customers in the instants and affects the system as
well.

The repair times of the failed server after catastrophe are iid exponential
random variables with rater . After a repair on the server is completed, the

server immediately returns to its working position for service when a new
customer arrives.

3. Model Formulation and Analysis

From the above notations and assumptions and applying Markove

conditions, we obtain the following probability differential-difference equations

as:

(2)

©)

o(t)=—(n+vplt)+v (1)
po(t)=—(2+0)po (t)+ qupy (t) + 7eo(t) n=0
pi(t)=—(BA+qu+v)pa(t)+ Ao (t)+qupp(t).  n=1

ph(t)=—~(BA +qu+0)pn (t)+ BApn_1(t)
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+ Q1 (t), n>2
(4)

Here we use a simple and direct approach. We assume that the initially there

are n(0)= a customers. Define:
OH (s t)

— ~(A+0)po (t)+aups (t)+ne(t)— (BA+qu+v)spy (t)+ Aspg (t)

#0037+ 0] 3 polth" 2 e o)

(B4 qu+0)sp1(t)+ A2 3 po_t(t)s"1 - Baspo(t)
n=1

Fs 3 na(05" 0w polt)- sl
—0spy (t)— Apo (t) — upo (t) + Qapy (t) + eo(t)
—(BA+qu+v)spy (t)+ Aspo (t)aspa (t)

(5)

Using some algebra, it obtains:

OH(st) _ 1BAs +qu/s —[BA+qu+vliH(s,t) = qu(l-1/s)po (t)

— 1= B)1-5)po (t)+ neo(t)

This is linear differential equation. And its solution is:
H(s,t)=CelAs+au/sk g—(pr+au+o)

+qu(l-1 s)} Do (u)elAAs+au/s)t-u) g=(Br+qurv)t-u)gy
0

~1-p)1- S):[[ Po (u)e[ﬁﬂsJFQ/l/S](t—U) e—(BA+qu+v)t-u)qy
0

(6)
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t
1] p(u)elBBs+au/sft-u) g=(Barau+o)t-u)gy @)
0
Now, we find the constant C at t = 0, obtained as:
H(s, 0)=C
(8)
But H(s, 0)=s% 3 py(g)=s*
n=0
9)
From equations (8) and (9), it find:
C =skK
(10)
Then equation (8) becomes:

H(s,t)= io: P sk e(Bis+au/sh g—(BA+qu+olt
k=0

+ qy(l — 1/3)} Po (u)e(ﬂﬂsJFQ#/s)(t—U) e—(BA+qu+v)t-u)gy
0

- ﬂ’(l - ﬂ)(l— S)} Po (u)e[ﬁﬂS-ﬁu/S](t—u) .e—(ﬁﬁ-i-q,u+l))(t—u)du
0

¢ o)oK g P
0

(11)
Since the generating function of the modified Bessel's function In(x) is given
by:
pissauls)t = 31 (at)bs)' 12)
n=-—ow

From equations (12) in equation (11), it finds:
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H(s\t)= Zpksk $1, (at)bs)e~(B7+au/sk

=0 n=—o

] o(le U /SH0) S [a(t—u o)l

0 nN=-o

_qﬂbj oo (U)e=(BAs+au/s)t-u) S| Taft—u)bs)"Ldu

N=-—o0

—m—mf po (e (As+au/s)t-u) 31 [a(t ~u)os)au

N=—w

+A1- B~ 1Iloo() (rssaushi-u) 31, faft —u)os)"* e

N=—o0

+ﬂf¢() (B2s+au/s\t-u) S| [aft —u)os)"du

N=—c0

(13)
ButH(s,t)= 3 pp(t)s", and using I,(x)s"*™M = 1,_,(x)s", therefore:
n=0

b py(t)s" = Zpkb Ke=(p3s+au/sk 31, (at)s)!

n=0 n=—o0

rau j 0o (U)e—(A75+au/s)t=v) | Ta(t—u)}s)"du

0 N=—c0

_qﬂb; po (e (A5 +au/sIt-0) 31, [t —u)fs)au

-1 B polu)e- s+ asXi) 1, [aft-u)fs)du
0 n=—c0
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alt= g ol 2w S0l

N=—o0

+77;¢() (ps+au/s)t-u) zl [a(t—u)fs)"du

(14)
Comparing the coefficients of s" on both sides of equation (14) forn >0, it
find:

o (t)= 3 pkb"K 1,_ (at)e~ (A5 +as/sk
k=0

+ quf po(u)e- U+ W1 Tat )] bl 1 falt ~u)]du
0

—i(l—ﬂ):f) po (u)e~ (A5 /sXi=0) i [aft~u)] b1,y [ae - u)du

t
+nj¢(u)e‘(ﬂ’15+qﬂ/s)(t‘“)ln[a(t—u)]du (15)
0
Let n=0 in equation (15) obtained:

po(t)= 3 pb 1y (at)e~(Aas+ausk
k=0
+ quf po(u)e-(875+ /X0 1o [a(t ~u)] bl [aft - )
0
—m—ﬂ)} po (u)e= (A% +au/s)t=u) {1 [a(t —u)]~b21 _y [a(t —u)]jdu

- nf pla)e 40Kl [ —u (16)
0
Using the Laplace transform in equation (16), it obtains:
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n+1
0 o w2 _ a2
ﬁ@i%m%wmk—ﬂ—i]

20
n-1
© 0 _Jw2 _ a2
2wzuaﬂWP—ﬂ—1]
k=0 n=k 202

+1¢ (2)

W_m n+1
(qu)”l——————————]

282

)
Its

- 0% [m—ﬂ)]“[W‘— “;;ﬂ}

(7)
Using the Laplace transform in equation (1), it obtained:
* L
O
2(z+n+v)
From equations (17) and (18) it finds:

W ,—Wz _a2 ]n+1

p0(2)=3 i 3 <qﬂ>“[
k=0  n=k 284
n-1
© 0 _Jw2 _ a2
2wzumﬂWP—ﬂ—1]
281

k=0 n=k

(18)
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By Inverse ¢ (z) , po(z) in equations (18) and (19), to get the explicit expression
for p(t), po(t) as

o0l

t k=0 n+1 n-1

o)=2 S p 3 {(n + 1) T2 (24 Blgut)  (n=2fau)" 7,4 (2 ﬂﬂq,at)}
" (Br/au) 5 (Br/au) 5

o (Brrquiok | nu(l—e—(n+u)t) i {(n +1)qu)" 1n+1[2,/mqy(t —u)]

n+1
(77+u)(t—u) n=k (ﬁi/qy)T

(n 1)[/1 In_ 1[2\/ﬁ/1q,ut u ]} (BA+qu+v)t-u)

(ﬂﬂ/qu)
(21)
Using the Laplace transform equation (15), it obtained:

[w-wz a2 "

pn(z)= Y pxb" K

k=0 an kw2 - a2
[W—\/Wz—az}n [W—\/Wz—az}mrl
* n _
“apo (2 alJw? — a2 " an*+1w2 a2
n n-1
[W—\/wz—az} 1|:W—\/W2—a2}
—2(1-B)py(z)b" —b-
=A)rile) aJw2 —a2 a-1yw? —a2
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n
[w—\/w2 ~a? }
v
+ b" (22)
2(z+n+0) ahyw? —a?

Substituting equations (20) into (22) and taking the inverse Laplace
transform by using some properties of Bessel functions, we gained p, (t)
explicitly ofas: tand f£,q,0,n7 4,u,

n—k

onlt)= 3 pc(52/00) I il Brapi- (40

+qupo (2)(BA/qu)” io{nln (2 Bagut)

—(n+1)B2/qu)l (24 Braut)

~ A1 )po 2N B2/ au)" ﬁo{nfn(z pigut)
~ (n—1) A ap) s (2 FAot)

+ R —e- 0ok pajqu) Sty (2 BAqut)
(77+U) n=0

(23)

4. Cases Special
Some queuing systems can be obtained as special cases of this system:
Case (1): let #=1, this is the queue: M/M/1 with feedback, catastrophe and

repair. Then relations (21) and (23) are given by:

The probability that there are n customers in the system at time t is:
n—-k

onlt)= Spuli/an) I oy aut ool
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capo(2ht/au)' 3oty o0

- (n+ 2XA/qu) o 1 (2 A0t
~(n-1)/au) " 14 2 ﬂqut)}

+ 0 ek ayqu) znl (2y2qut) n>1
(n+v)

(24)
The probability that no customers in the system department is:

O(t):} %O:pk %O: (n+1)qx) In;}r(f ﬂQﬂt)_(n—l)(Qﬂ) In;1_(12 /Iq,ut)

th=0 n=k (Aau) 5 (A/au) 5

o-(Arausok | pofl—e-lr+oX) 5 | (n+1fau)" 12\ 2u(t - u)]

n+1
(77+U)(t—u) n=k (/Uqlu)T

(25)
Relations (24) and (25) are the same results as Akhdar [1] if zy =y = .
Case (2): let =1 and q =1, this is the queue: M/M/1 with catastrophe and

repair. Then relations (21) and (23) are given by:
The probability that there are n customers in the system at time t is:
n—k

pnlt)= S o) ooyl sl

- o@ha/ ) 3 oot

—(n+1)2/p)1 n+1(2 ﬂﬂt)}

(010 ) 1y o)
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(2\/_t) nx1

(n
(26)
The probability that no customers in the system department is:

po(1)=2 5 py 3 e le) n;l(zx/_ﬂt) n-1)fu)" - 11(2 At

tk=0  n-k (W) 5 (Ap) 5

ce o =T R) @ 04 0 a2 Aalt )
(77+u)(t—u) n=k (ﬂ/ﬂ)ngl
(27)

Relations (26) and (27) are the same results as Kumar and Krishnamoorthy [5].
Case (3): let =1 and n =0, this is the queue: M/M/1 with feedback and

catastrophe. Then relations (20), (21) and (23) are given by:
The probability that the server is under repair at time t is:

Q(t)=1-evt
(28)
The probability that there are n customers in the system at time t is:
© n—k
Pat)= X pk(Wau)  Ink (2 ﬂqytk_(/“q,quU)t
k=0
+qupo (2)(A/qu)" Z {nl (2 lqyt)
_(n +1)(/1/q/1 In+1( /Iq,u )}
_(n_l)(ﬂ/q/u) l]n—]_(z lq,ut)}, n>1
(29)

The probability that no customers in the system department is:
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o (Maw) 5

_(n—l)(q,u)n]n;i(f ﬂq,ut) e—(A+qu+okt
(A/au) 5

(30)

Relations (28), (29) and (30) are the same results as Thangaraj and Vanitha [8].
And Shanmugasundaram and Chitra [7] if C =1

Case (4): let f=1,q=1 and =0, this is the queue: M/M/1 with catastrophe.
Then relations (20), (21) and (23) are given by:

The probability that the server is under repair at time t is:

Qt)=1-et
(31)

The probability that there are n customers in the system at time t is:
n—k

onlt)= Spclifa)  Inalo Bty

IO TN
~(n+ 1)(/1//1)1n+1(2 lﬂt)}
— (=1 ) oy (24 2000), n>1 (32)

The probability that no customers in the system department is:

IR (RN In:jl(zmt)

k=0 n=k (/1/;1)7

Po(t)

236



2024 18 2l daulad) a gladl g SLaBY) A4S dlaa

(n—1)u)" 7 ) —(A+u+olt

A/ u)

iz

(33)
Relations (31), (32) and (33) are the same results as Kumar and Arivudainambi [6].
Case (5): let p=1,=1,0=0 and 5 =0, this is the queue: M/M/1 without any

concepts. Then relations (20), (21) and (23) are given by:
The probability that the server is under repair at time t is:

Q(t)=0,
(34)
The probability that there are n customers in the system at time t is:
n—k

pn<t>=§opk<z/y> Iy 2 Atk
0@/ 3ot o2t
(N +1)A/ )41 (2422

(0= 1) ) L 1oy (24 2020); n>1
(39)

The probability that no customers in the system department is:

pot)=2 Sy 3 (n+1)t) 1 (2420

_I 2Pk 2 N1
o (A/u) 5
B (n—1)(u)" [nn__ll(Z /lyt) o—(A+u) (36)
(A/u) 5

Relations (34), (35) and (36) are the same results as Groos and Harris [3].
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5. Conclusion
The aim of this paper was to obtain the transient solution of M/M/1 queue
with balking, feedback, and catastrophe and repair using the Probability Generating

Function. The transient state probabilities and some special case were obtained,

linking the results to previous studies.
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